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the hypothesis H, will be rejected against the alternative hypothesis H,,

1f the observed T' = T',, the chance of s tault of the first kind being at
most o«.

It has been shown [6] that under H, T for large n, is asymptotically
normally distributed with mean 4 and variance c?, given by

(1.1) ﬂm1/4(N2-Zn$)

= (NN + 1) @N + 1) — 3 nm + 1) (2n, + 1)},

In the following section a recurrence relation is derived for the exact
probability distribution

Pnl ..... nl(T)mP[TmTIHO;n]_:”': nl]'

------

derived for x = 0.005, 0.010, 0.025, 0.050, 0.100. These significance levels

are compared with the levels 7%, computed by means of the approximating
normal distribution functions.

2. The probability distribution of T

Because of the continuity of the distribution functions of the variables
X;n> all observations x;, may be assumed to be different from each other,
this being true with probability 1. The observations can thus be arranged
in order of increasing magnitude.

If K, . .,(T)is the number of sequences {r;,} with T =7, we obtain

by isolating the last observation in each of these sequences the recurrence
relation

ttttt

If H, is true, each of the N [1In;! different sequences has the same proba-
bility, consequently

(2'1) Pm Ny (T) == Nﬂl Z 72’{ Pnl_”,,ﬂiml,....ﬂa (T - 7?"?:“}'1 T e T nl)

with initial conditions

P%”_M (') =0, if T << O or if an n, < 0,

and

H

Po...0(T) = ‘8”!’-0? = 1, it T =0,

‘whence for all n, > 0

PO.H..O, n4,0,...,0 (T) — 63?..0'
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15
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083
033
RIZQ

080
017
0035
007
02
001

033
010
002
004
001
000
002
000
000
000

024
006
001
002
.000
.000
001
000
000
000
000
000
000
000
00U

230
100
033

150
0560
014
021
005
002

100
029
007
011
002
001
005
001
.000
.000

071
018
004
008
.001
000
.002
.000
000
000
001
.000
000
000
000

500
233
089

300
A17
038
050
014
005

200
067
019
025
006

011
003
001
000

.143
0432
011
0l4
003
001
006
001
000
000
003
000
000
000
000

400
187

500
217
076
100
030
011

333
124
038
050
013
004
022
005
.002
001

.238
077
.021
028
007
.002
011
002
001
000
005
001
.000
000
000

600
289

350
138
171
087
021

500
210
071
089
026
.009
041
011
003
001

307
131
040
0560
013
004
021
005
001
000
009
002
001
000
.000

422

500
219
264
096
037

314
A17
.143
045
015
068
019
006
002

500
202
066
081
023
007
035
009
002
001
018
004
001
000
000

D78

324
379
152
061

438
181
214
074
.028
.1086
032
010
004

292
104
125
038
012
056
015
004
.001
026
0086
002
001
000

438
500
221
095

582
257
.300
12
042
156
080
017
008

.393
.1563
181
.0569
.020
083
024
007
002
040
010
003
001
.000

TABLE 1

The distribution function F, , .(T) for ny 5 ny S ny 5 5.
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582

305 .400 .500

139 .194 .260 .334 .415 .500

500

350 .448 .552

396 .500

182 .222 204 .372 .457 .543

084 .093 .130 .175 .228 .289 .355 .427 .500

217 .289 .370 .456 .544

076 .108 .149 .198 .256 .320 .390 .463 .537

026 .040 .058 .080 .109 .144 .185 .232 .285 .343 404 .468 .532

010 .015 .023 .033 .046 .063 .084 .110 .140 .176 .216 .260 .309 .361 .416 .472 .528

500

216 .287 .369 .455 .545

248 .325 .411 .500

088 .124 .169 .223 .285 .352 .425 .500

.031 .046 066 .002 .123 .161 .206 .256 .312 .372 .435 .500

120 .165 .219 .281 .350 .424 .500

.037 .054 .077 .105 .140 .181 .229 .282 .341 .403 .467 .533

012 .018 .026 .038 .053 .072 .095 .123 .156 .193 .236 .283 .333 .387 .443 .500

.004 .006 .010 .014 .020 .028 .039 .052 .068 .087 .111 .137 .168 .203 .241 .283 .328 .375 .424
060 .084 .116 .154 .198 .250 .307 .368 .433 .500

.016 .025 .036 .050 .069 .092 .119 .152 .190 .233 .280 .331 .386 .442 .500

.005 .007 .011 .016 .023 .032 .044 .058 .076 .097 .122 .151 .184 .220 .261 .304 .350 .399 .449
.002 .002 .004 .006 .008 .012 .018 .022 .030 .039 .051 .065 .082 .101 .124 .150 .179 .211 .246
.001 .001 .001 .002 .003 .004 .006 .009 .012 .016 .021 .028 .036 .046 .057 .071 .087 .105 .126

475

500
283
149

D26

324 .366 .410 .455 .500
175 .203 .234 .267 302 .840 .378 .418 .459 .500



435

3. The duistribution function of T for ny < my < moy < 5 and its COMPArLSON
with the approximating normal distribution Junction,

Using recurrence relation (2.1), the COMPUTATION DEPARTMENT of the
MATHEMATICAL CENTRE has computed the exact distribution functions

F o non () for the three sample cases with N =Ny =Ny < 5

T — ]
[T * Y

Because of the symmetric character of the probability distribution of T,
we can write

Fm ..... ny (T) = 1 - anh..,,nl (;<;Z n; Ny — T — 1)
Consequently, the exact distribution function of T has been tabulated only
for T'=0,1,2, ..., [u]. (Cf. Table 1.)

Denoting by 7', the smallest integer 7' for which the Inequality
1 — Fnl,...,'nl (T "" 1) — Z Pn

.nl(m) ;Cx
m =T

1"."

holds, the exact one-sided significance levels T, corresponding with

« = 0.005, 0.010, 0.025, 0.050 and 0.100 have been derived from table 1
(ci. table 2).

For large values of n,, n,, n, T is asymptotically normally distributed
with mean u and variance o2 (cf. (1.1) and [6]).

nhn G
e L
e
e
_______

To investigate for which values of My, My, Ng this normal dis

f.{.-L
]

ribution
function may be considered as a good approximation of the exact distri-

bution function of T, the significance levels T';, given by this approximating
normal distribution function, have been calculated also.
These significance levels 7', are given by

T,=u+054+%k, ¢,
where £k, is defined by the equation

1 .
X M"“-..:.J‘GHH dt.
]/231 k

The constant 0.5 is the so-called correction for continuity. In table 2 the
integers 7' with 7, < T* < T, + 1 are tabulated. From this table we
may conclude that for n, = 5 (s = 1, 2, 3) the normal distribution function.
with mean u and variance o2 is a good approximation of the exact distri-
bution function. The table shows that also for smaller values of n; the
integer 7'y usually coincides with 7', sometimes (in particular for x = 0.005
and 0.010) is one unit larger and only exceptionally (2,2,5; 4,5, 5;
x = 0.100) 1s a unit smaller.
In [6] it is proved that

where U,  ;_;; is defined as the number of pairs (%, k), h < n,,
v=1,2,...,j—1, k<n,;, with z;,, < z;,. As the variables U, ;. ; are
Independently distributed, we may conclude on basis of the Central Limit
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TABLE 2
The exact and approximate significance levels 7', and T* 1)

) NO— “&”:0’65”1 e 050 o

| ong | omg || Z2MT | 1, | ox o, |1, |1, | || T, | T
| |

1 1 1 3
1 1 2 5 5| 5
1 2 2 8 8 8 7 7
9 2 9 12 12 112 | 11 | 11 || 10 | 10
1 1 3 7 7 7 6 | 7
1 2 3 11 11 | 11 || 10 | 10 | 10 | 10
2 2 3 16 16 16 | 16 || 15 | 15 || 14 | 14 | 13 | 13
1 3 3 15 15 14 | 14 || 13 | 13 || 12 | 12
2 3 3 21 20 | 21 | 20 | 20 (| 19 | 19 || 18 | 18 || 16 | 18
3 3 3 27 25 | 26 || 25 | 25 (| 23 1 23 || 22 | 22 || 20 | 20
1 ] 4 9 9 9 8 8
1 2 4 14 14 14 | 14 || 13 | 13 || 12 | 12
2 2 4 20 20 19 | 20 || 18 | 18 || 17 | 17 || 16 | 16
1 3 . 4 19 19 19 | 19 || 17 | 18 || 16 | 16 || 15 | 15
2 3 4 26 25 | 25 || 24 | 24 || 23 | 23 || 21 | 21 || 20 | 20
3 3 4 33 30 | 31 || 29 | 30 || 28 | 28 || 26 | 26 || 24 | 24
1 4 4 24 23 | 24 || 23 | 23 || 21 | 21|/ 20| 20 | 19 | 19
2 4 4 32 29 | 30 || 29 | 29 || 27 | 27 || 25 | 25 || 24 | 24
3 4 4 40 36 | 36 || 34 | 35 || 33 | 33 || 31 | 31 || 29 | 29
4 4 4 48 42 | 43 || 40 | 41 || 38 | 38 || 36 | 36 || 34 | 34
1 1 5 11 11 11 | 11 || 10 | 10
1 2 5 17 17 16 | 16 || 15 | 15 || 14 | 14
2 2 5 24 23 | 24 |1 23 | 23 (| 21 | 211 20| 20 || 19 | 18
1 3 5 23 23 | 23 || 22 | 22 || 21 | 21 || 19 | 19 || 18 | 18
2 3 5 31 29 | 30 || 28 | 28 || 26 | 26 || 25 | 25 || 23 | 23
3 3 5 39 35 | 36 || 34 | 34 || 32 | 32 || 30 | 30 || 28 | 28
1 4 5 29 28 | 28 || 27 | 27 || 25 | 25 || 24 | 24 || 22 | 22
2 4 5 38 34 | 35 || 33 | 34 || 31 | 32 || 30 | 30 || 28 | 28
3 4 5 47 41 [ 42 || 40 | 40 || 38 | 38 || 36 | 36 || 33 | 33
4 4 5 56 48 | 49 || 46 | 47 || 44 | 44 || 42 | 42 || 39 | 39
1 5 5 35 32 1 83 || 31 | 32| 30|30 1| 28 | 28 | 26 | 26
2 5 5 45 40 | 41 || 38 | 39 || 36 | 37 || 34 | 34 || 32 | 32
3 5 5 55 47 | 48 || 46 | 46 || 43 | 43 || 41 | 41 || 38 | 38
4 5 5 65 55 | 55 || 53 | 53 || 50 | 50 || 48 | 48 || 45 | 44
5 5 5 75 62 | 63 || 60 | 61 || 57 | 57 || 54 | 54 || 51 | 51

1) For testing against a downward trend the left-sided significance levels are
found by subtracting T, and T from 3 3 n,n,.

1< 7
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Theorem that for more than three samples with n, == 5 the normal

distribution function will be also a good approximation of the exact
distribution function of T.
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